In this paper the complete set of diagrams for conventional fluctuation corrections to the normal state of a superconductor are derived using a functional-integral approach. The standard diagrams which characterize the fluctuation phase of a superconductor, namely Aslamazov-Larkin, Maki-Thompson, and Density of states, are obtained and proved to be insufficient to produce a gauge-invariant electromagnetic response. An additional diagram is derived, and it is found to be essential for rendering the theory gauge invariant, and for establishing the absence of the Meissner effect in the normal state. It is shown that, not only the Aslamazov-Larkin term, but all of the microscopic diagrams are encapsulated within a Gaussian-level treatment of the effective action.
I. INTRODUCTION
Excitement surrounding the discovery of high-T c materials has led to a renaissance in the study of superconducting fluctuation phenomena [1] [2] [3] [4] . Indeed, the short coherence lengths and quasi two-dimensionality of these systems lead to a situation in which fluctuations play a prominent role [5] . Studies [1, 6, 7] based on the original formulation of superconductor fluctuations (or variants thereof) have enabled a good preliminary understanding of many of the electromagnetic (EM) and thermodynamic properties of the cuprates to be achieved. Underlying any such study of EM transport is the fundamental tenet of gauge invariance. Furthermore, it is imperative to ensure that there is no Meissner effect in the normal-state response of superconductors. This in fact provides a distinguishing characteristic between a superconducting gap and a (cuprate) pseudogap, with the former exhibiting a Meissner response while the latter does not.
The seminal papers on superconductor fluctuations, by Maki [8] and Aslamazov and Larkin [9, 10] , appeared almost simultaneously with each providing unique insights into understanding the fluctuation conductivity of a superconductor. Maki's paper missed the important contribution of the Aslamazov-Larkin (AL) diagram, and the paper of Aslamazov and Larkin, while cognizant of the Maki-Thompson (MT) diagram, did not appreciate the importance of the anomalous Maki-Thompson contribution to electrical conductivity. Later on Thompson [11] further elucidated the importance of the anomalous MT diagram in two-dimensional (2D) superconductors where he showed that, without proper regularization, the anomalous MT conductivity is divergent [2] .
In this paper the functional-integral approach [12] is used to obtain the complete EM response for the fluctuation phase above T c , and resolve a problematic aspect of the fluctuation literature. The issue of concern is not widely appreciated and relates to the fundamental principles discussed earlier. Interestingly, Maki and Aslamazov and Larkin failed to unambiguously establish that their fluctuation formalisms are gauge invariant. It is important to emphasize that both papers were interested in the principal part of the real conductivity alone, which can be calculated without concern for gauge invariance. While Aslamazov and Larkin noted this was the case for their fluctuation response, it is crucial in general transport studies to have the complete set of gauge-invariant diagrams. In this paper the familiar AL, MT, and Density of states (DOS) diagrams are all derived, along with an additional diagram not previously noted in the original fluctuation literature. This additional diagram, which we refer to as a "Gaussian-level diamagnetic diagram", is vital for establishing gauge invariance and the absence of the Meissner effect in the normal state.
The Gaussian-level diamagnetic diagram is independent of external momentum, and so in that sense it bears resemblance to the diamagnetic term in the EM response of a free gas. Here this diamagnetic term is derived at the Gaussian level, and hence the basis for its nomenclature. It is well-known [2] that the AL diagram can be obtained from Ginzburg-Landau theory; however, the MT and DOS diagrams are conventionally found from a microscopic procedure [2] which obscures their similarity. Here it is shown that MT, DOS, and the Gaussianlevel diamagnetic diagram all arise from the same term in the effective action response, a result which is obfuscated in the conventional approach [2] to deriving the MT and DOS contributions [13] . Furthermore, it is proved that the complete theory, now with five diagrams (one AL, one MT, two DOS, and the Gaussian-level diamagnetic diagram) is (i) gauge invariant, (ii) has no Meissner effect in the normal state, and (iii) does not alter the results for the finite frequency or finite momentum calculations performed by Aslamazov and Larkin and collaborators. While the latter point may seem to be a detrimental one, the point remains that unless a procedure that unequivocally determines the gauge-invariant EM response is developed for the conventional fluctuation formalism, then extending that formalism by adding other interactions seems to be rather prohibitive.
Previous functional-based approaches [14, 15] to studying fluctuation phenomena derived only the AL contribution. More recent treatments have gone beyond the pioneering work of Svidzinskii and incorporated varying degrees of additional complexity. In this regard, in Ref. [16] the superfluid density was calculated at the Gaussian level, and it was noted that there is an AL contribution. The full gauge-invariant response at the Gaussian level was derived in Ref. [17] , and it was shown how to correctly treat collective modes by consistently solving the saddle-point condition. In Ref. [18] the diamagnetic susceptibility and paraconductivity for the AL diagram were derived, with the addition of incorporating all three channels -Cooper, exchange, and density, in the HubbardStratonovich decomposition. This small sample of literature demonstrates successful applications of functional-integration techniques to a range of diverse physical phenomena.
Some extensions beyond the original fluctuation theory include the Lawrence-Doniach model for layered superconductors [2, 19] , and systems with either strong disorder [20, 21] or strong interactions due to preformed pairs [22] [23] [24] . On the experimental side there have been many exciting results which will hopefully address what is the most appropriate fluctuation theory for the cuprates. Indeed, experiments have found an anomalously large diamagnetic susceptibility [25, 26] and Nernst coefficient [27, 28] above the phase transition temperature T c . Hall resistance measurements [29] [30] [31] , with its concomitant sign change near T c in the low doping limit, have also garnered a lot of interest. These experiments all provide crucial litmus tests for any proposed theory purporting to explain the normal-state response of high-T c materials.
The structure of the paper is as follows: Sec. (II) introduces the Hubbard-Stratonovich transformation and constructs the Gaussian-level fluctuation action. The EM response is then computed in Sec. (III) and all the fluctuation diagrams are derived. The proofs of both gauge invariance and the absence of the Meissner effect are also given. Finally, in Sec. (IV) the conclusion is presented.
II. FLUCTUATION ACTION

A. Hubbard-Stratonovich transformation
The starting point is the Hamiltonian for a Fermi superfluid interacting through an attractive interaction [32] :
Here m, µ are the fermion mass and chemical potential, respectively. For the s-wave case, which is of primary interest here, the coupling constant is g(r − r ) = gδ(r − r ), where g > 0 is a constant. The coherent-state functional integral [32] is then Z = D ψ , ψ exp −S ψ , ψ , where the action is given by S ψ , ψ = β 0 dτ ψ ∂ τ ψ + H ψ , ψ andψ, ψ are independent Grassman variables. Natural units, where = 1, k B = 1, are employed throughout the manuscript; the inverse temperature is then T −1 = β. The fourfermion interaction term renders the problem theoretically insoluble, and so it is advantageous to apply the HubbardStratonovich (HS) transformation [16, 17, 32] . This is an exact statement which eliminates the four-fermion interaction term at the expense of introducing a functional integral over a bosonic auxiliary field, denoted by ∆. The HS transformation follows from inserting the resolution of the iden-
Here the integration measure is defined such that the functional integral gives unity identically.
After introducing the Nambu spinor
T , where x = (τ, r), the complete action can then be written as
The inverse Nambu Green's function is defined via Dyson's equation:
, where the bare inverse Nambu Green's function is G
. Here the single-particle dispersion (in momentum space) is ξ p = p 2 / (2m) − µ, and τ x , τ y , τ z are the standard Pauli matrices, with τ ± = 1 2 (τ x ± iτ y ). After integrating out the fermions the HS action is obtained [16, 17, 32] :
The trace operation Tr denotes a trace over the entire configuration space; that is, it is both a trace over Nambu indices (to be denoted by tr) and an integration over spatial coordinates. The HS action is an exact expression, however, it is impractical to perform the bosonic functional integral over S HS , and so suitable approximations must be employed to enable further theoretical tractability. The standard assumption is the saddle-point approximation: δS HS /δ∆ * (y)| ∆=∆ mf = 0; the solution to this equation is the saddle-point (or mean-field) value ∆ mf of the bosonic auxiliary field. Imposing this condition leads to the standard mean-field BCS gap equation:
where G mf is the mean-field Nambu Green's function. The mean-field action at the saddlepoint level is thus
B. Gaussian fluctuations
To go beyond the saddle-point approximation, the bosonic auxiliary field is expanded as follows:
The HS action can then be expanded about the mean-field action, and to quadratic order in η the result is:
Here there is an implicit sum over the indices a, b, which denote either ∆ * , ∆. Note that, the terms linear in η * and η vanish due to the saddle-point condition. The primary focus of the manuscript is to obtain the fluctuation EM response in the normal state and to connect this to the well-known normal-state fluctuation diagrams [2] . With this goal in mind, now set ∆ mf = 0. This then affords many simplifications; for instance, the momentum-space inverse Nambu Green's function becomes
After computing the above second-order derivatives, then taking the trace over the Nambu indices and finally converting to momentum space, the following expression is obtained:
Here the first term is the action of a free (fermionic) system; that is, S 0 = −Tr log −βG
Here G 0 and G 0 denote the particle and hole bare propagators [32] ; in momentum space they are related by G 0 (k) = − G 0 (−k). Since the HS action is Gaussian in the (complex) bosonic fields η * , η, the functional integral over these fields can be computed exactly. The generating functional is Z = e −S Eff where S Eff is the effective action, which as a result of the functional integration is then [14, 15] :
The second term is the Gaussian fluctuation action, in the absence of a mean-field gap: S Fluc = Tr log −gL −1 . The fluctuation action can also be calculated in the presence of a non-zero mean-field gap, see Ref. [15] for further details.
III. ELECTROMAGNETIC RESPONSE A. Derivation of the fluctuation electromagnetic response kernel
The electromagnetic response of the system can be obtained by computing the action in the presence of an external vector potential, A µ (x) = (iA 0 (x) , A (x)); here the imaginary unit arises because of the use of imaginary time. 
Note that, in addition to the fluctuation part of the EM response, there is also a mean-field contribution given by K µν mf = δ 2 S mf /δA µ δA ν A=0 . The full response is the sum of these two contributions:
Fluc ; since the former is well understood [17, 33] , and known to be gaugeinvariant: q µ K µν mf = 0, the discussion and analysis throughout the remainder of the paper will be devoted to establishing the gauge invariance of the fluctuation part of the response.
To incorporate the vector potential dependence in the fluctuation propagator, the procedure is to perform minimal coupling in the bare Green's function; that is, in the particle sector transformp →p − eA and ∂ τ → ∂ τ − ieA 0 , while in the hole sector the same transformation is done but with e → −e. Performing the two functional derivatives of the fluctuation action then results in
In the above expression the fluctuation propagator is evaluated at A µ = 0; unless otherwise explicitly stated,
, with a similar relation for the Green's functions. The three-point and four-point vertices are respectively defined by
Note that these vertices are independent of the external vector potential. In Eq. (3.2) the first term is the AL diagram, while the second term contains the MT and DOS diagrams, plus an additional Gaussian-level diamagnetic contribution, as will be shown forthwith. The second term above can be written schematically as:
The prefactor of two here arises due to the particle-hole symmetry present in the Nambu formalism. It is implicit in this expression that there is a "matrix multiplication", with the "multiplication" between neighboring terms corresponding to an integration over coordinates. In Eq. (3.5), the first line is the MT diagram, the second line is the two DOS diagrams, and the third line is an additional contribution. This latter term represents a (momentum-independent) Gaussianlevel diamagnetic contribution to the EM response. However, it only contributes to the current-current part of the EM response. Note that, here it has been demonstrated that the MT, DOS, and the Gaussian-level diamagnetic diagrams all arise from the second term in Eq. (3.2). This result is not apparent in the conventional derivation of the MT and DOS diagrams [2] , and so this shows an advantage in utilizing the functional-integral approach. It concretely shows that all diagrams, and in particular MT, DOS, plus the Gaussian-level diamagnetic term, are on an equal footing as respects their origin within the Gaussian-fluctuation theory.
The (particle) bare vertex appearing above is defined by δG
, where the momentum-space bare vertex is [34] 
The hole bare vertex is related to the particle bare vertex by
Converting the EM response to momentum space gives
where the fluctuation EM response kernel is
Here
, and so there are different, but equivalent, ways of writing the EM response. In the appendix a complete outline of the derivation of the momentum-space fluctuation diagrams from the position-space diagrams is presented, and it is shown that, after Fourier transforming the position-space expressions, the fluctuation response in momentum space can be written as: 8) where the explicit expressions for these diagrams are
Here k µ = (iω n , k) , l µ = (iϕ n , l), where ω n and ϕ n are fermionic Matsubara frequencies. The first three terms are the familiar expressions [2] for the AL, MT, and DOS diagrams. What is of interest here is the additional term given by δK µν Fluc , which is not present in the papers of Aslamazov and Larkin [9, 36] . This term is a purely real three-point function. It is independent of external momentum, and so as a consequence it does not contribute to finite momentum or finite frequency transport. Thus the results of Aslamazov and Larkin for the finite frequency conductivity and diamagnetic susceptibility are unaltered. The electrical conductivity is discussed in further detail in subsection (III D). In Appendix (E) it is proved that the Gaussian-level diamagnetic diagram can be expressed simply in terms of the partial derivative of the fluctuation action with respect to the fermionic chemical potential. It is intriguing to note that a similar diagram arose in Fig. (11) of Ref. [37] in the context of cross-correlations between hot and cold fermion currents, and it was noted there that this three-point function is in general finite. The next two subsections show that this diagram is important for establishing (i) gauge invariance of the theory, and (ii) the absence of the Meissner effect in the normal state.
B. Proving gauge invariance
In this subsection it is proved that the normal-state fluctuation response is gauge-invariant; this is mathematically expressed by the statement that q µ K µν Fluc (q) = 0. It will be shown that this is only true provided the Gaussian-level diamagnetic contribution is incorporated. Note that, in Ref. [17] the full Gaussian-level response was derived, with the inclusion of the anomalous Green's function and the collective mode. There it was shown, in a more abstract manner, that provided the dependence of the order-parameter on the external vector potential is incorporated, gauge invariance is maintained. Here only the normal-state response is considered, and the gauge invariance of the theory will be demonstrated by explicitly calculating the four-vector contractions of all the fluctuation diagrams. To perform the requisite contractions, use is made of the bare Ward-Takahashi identity [38] :
Note that, using the definition of the bare vertex,
, this identity is easily proved. Using the Ward-Takahashi identity, it follows that the contraction of the MT diagram is
The contraction of the DOS diagrams is
Finally, the contraction of the AL diagram is
Here we have used the definition of the inverse fluctuation propagator,
, to perform the fermionic Matsubara frequency summation over l. Combining the above results, and simplifying, then gives The superfluid density of a system is a zero frequency, zero momentum response, and in the normal state of a superconductor any gauge-invariant calculation must produce zero Meissner response [39] . In this subsection it will be proved that the exact normal-state fluctuation response does not exhibit the Meissner effect:
Fluc (Ω = 0, q → 0) = 0. As will be shown, this result is only true with the incorporation of the Gaussian-level diamagnetic contribution. This reiterates the point that the additional diagram derived in Sec. (III A) represents an important contribution to the full EM response and in general it cannot be neglected.
By using the identity [38] 
, the fermionic Matsubara frequency summations appearing in the fluctuation diagrams can be performed. The final results are that the fluctuation diagrams, in the zero frequency, zero momentum limit, reduce to
Adding these terms together, along with the contribution from Eq. (3.12), it follows that the zero-momentum limit of the static fluctuation EM response kernel is thus
This proves that the normal-state fluctuation EM response does not exhibit the Meissner effect, as required.
D. Electrical conductivity
The fluctuation contribution to electrical conductivity for an ultra clean (no impurities or disorder whatsoever) 2D superconductor was computed in Ref. [40] , and it was found that the conductivities of the MT and DOS contributions cancel one another. This result was confirmed independently in Ref. [37] in a different context. The conductivities of systems with impurities have also been addressed [2, 21, [41] [42] [43] , and there has been some debate about whether the clean limit of an impure superconductor reproduces the ultra clean results; that is, it is debated whether or not the order of the limits Ω → 0, τ → ∞ and τ → ∞, Ω → 0 commute with one another in the response functions. Here τ is an inverse lifetime for particle scattering. In the present paper only the ultra clean case has been considered hitherto, where impurities and disorder are absent from the outset. Since there is already a vast existing literature on the electrical conductivity due to the AL, MT, and DOS fluctuation processes, here the primary focus of this section is to compute the contribution arising from the Gaussian-level diamagnetic diagram obtained in Eq. (3.12).
The Kubo formula for the frequency-dependent electrical conductivity is [32] :
It is crucial to first take the limit q → 0; as the previous section shows, first setting the external frequency to zero and then taking q → 0 corresponds to the Meissner response. Since δK xx Fluc has no momentum dependence, its fluctuation contribution to the longitudinal electrical conductivity is thus
The real part of this expression is σ xx δK Fluc
(Ω) = πδK xx Fluc δ (Ω). This result is analogous to the case of a freeparticle system, with no impurities or disorder. In that case the real part of the total conductivity is given by σ xx Free (Ω) = π ne 2 /m δ (Ω) [44] ; in a free system, with no mechanism for particle scattering, the conductivity vanishes at non-zero frequencies, and to ensure that the conductivity sum rule [44] is satisfied all the Drude weight is localized at zero frequency. If impurities are present, then the delta function result is smeared out into a Lorentzian distribution. Here we observe that the Gaussian-level diamagnetic diagram in the fluctuation theory gives a delta-function contribution to the real part of the longitudinal electrical conductivity. Adding this to the conductivity of the bare EM response (arising from the action S 0 ) gives a delta function term equal to that of the Drude form of a free gas. In particular, this total contribution saturates the conductivity sum rule, and it can be verified that the integral over frequency of the non-local AL conductivity of a clean system [41] vanishes. Thus the conductivity sum rule for the fluctuation theory is satisfied.
IV. CONCLUSION
This paper derives the electromagnetic response for Gaussian fluctuations in the normal state of a superconductor. The familiar Aslamazov-Larkin, Maki-Thompson, and Density of states diagrams are obtained, and an additional Gaussian-level diamagnetic diagram, not previously considered in the literature, also contributes to the electromagnetic response. It is shown that this term is essential for establishing both gauge invariance and the absence of the Meissner effect in the normal state. While Gaussian fluctuations are well known, and the diagrammatic fluctuation theory is also widely utilized, there has not been a link between the two approaches showing clearly how all the familiar fluctuation diagrams arise from such a functional-integral approach. This manuscript achieves that goal, with the important result that there is an additional diagram that is crucial for satisfying gauge invariance. The approach presented in this paper provides a lucid derivation of all the fluctuation diagrams, and shows how MT, DOS, and the Gaussian-level diamagnetic diagrams arise from a fermioniclike term in the response of the fluctuation action, while the AL diagram arises from a bosonic-like term.
Converting this to momentum space then gives
Thus, in momentum space the Aslamazov-Larkin diagram is
The triangle vertex appearing in the Aslamazov-Larkin diagram is defined in Eq. (3.3) . Using the explicit form of the fluctuation propagator this becomes
The prefactor of two here arises due to particle-hole symmetry, namely, interchanging the particles and holes [and the appropriate coordinates] in the above expression produces the same result. Converting this to momentum space then gives
The last equality defines the momentum-space version of the triangle vertex, and from the previous line it follows that this vertex is given by the standard form:
Thus, the complete expression for the Aslamazov-Larkin diagram is as given in Eq. (3.9):
The minus sign here indicates that this diagram corresponds to bosonic transport; for example, a free bosonic correlation function has a minus sign in contradistinction to a free fermionic correlation function. The prefactor of four also has a physical interpretation; writing the charge as e * = 2e then shows that the AL diagram is just that of a free bosonic diagram, but with charge 2e. The fermionic interactions manifest themselves in the triangle vertices and the explicit fluctuation propagator, but the physical understanding of the AL diagram can be found in that it is bosonic transport of fluctuating Cooper pairs.
Appendix B: Maki-Thompson diagram
In position space the Maki-Thompson diagram is defined by
Converting this to momentum space then gives
Thus, in momentum space the Maki-Thompson diagram is as given in Eq. (3.10):
Appendix C: Density of states diagrams
In position space the Density of states diagrams are defined by
Thus, in momentum space the Density of states diagrams are as given in Eq. (3.11): 
×e ik1(y1−y2) e ik2(y2−x ) e ik3(x −y1) e ik4(y1−y2) , with respect to the fermionic chemical potential µ is:
Here the definition of the pair susceptibility: Here S Eff = S 0 + Tr log −gL −1 is the effective action.
